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3 Modulation and Frequency Shifting

Definition 3.1. The term baseband is used to designate the 'band of fre-
quencies of the signal delivered by the source.

Example 3.2. In telephony, the baseband is thefaudio band (band of voice
signals) ofl0't6'3.5 kHz WIOD'1lj1!° \4\
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Example 3.3. For digital dat"‘(sequence of two voltage levels representing
0 and 1) at a rate of R blts pef second, the baseband is 0 to R Hz.

Definition 3.4. Modulation is a process that causes a/shift in the range
of frequencies in a signal.

e The modulation process commonly translates an information-bearing
signal to a new spectral location depending upon the intended fre-
quency for transmission.

Definition 3.5. In baseband communication, baseband signals are trans-
mitted without modulation, that is, without any shift in the range of fre-

quencies of the signal. beom s Jockiom

3.6. Recall the frequency-shift property:
, F
g (1) = G (f — f.).

This property states that multiplication of a signal by a factor e/>™/< shifts
the spectrum of that signal by Af = f..
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3.7. Frequency-shifting (frequency translation) in practice is achieved by
multiplying ¢(¢) by a sinusoid:

glt)cos(2mft) = 2 (G(f = 1)+ G(F + 1).
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Similarly,

:J\f‘}"
.1 jo ey < e
9(t) cos(2mfot + ¢) = 5 (G(f = f)e + G(f + fe)e ).
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Definition 3.8. cos(27 f.t+ ¢) is called the (sinusoidal) carrier signal and
fe is called the carrier frequency. In general, it can also has amplitude A
and hence the general expression of the carrier signal is A cos(27 f.t + ¢).

3.9. Examples of situations where modulation (spectrum shifting) is useful:

(a) Channel passband matching: Recall that, for ajliflearytimesinvariant

_, the input-output relationship is given by
W) .
= ___@——- YLt y(t) = h(t) * z(t)
where z(t) is the input, y(¢) is the output, and h(t) is the impulse
response of the system. In which case,

where H(f) is called the transfer function or frequency response
of the system. |H(f)| and ZH(f) are called the amplitude response
and phase response, respectively. Their plots as functions of f show
at a glance how the system modifies the amplitudes and phases of
various sinusoidal inputs.
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(b) Reasonable antenna size: For effective radiation of power over a
radio link, the antenna size must be on the order of the wavelength of
the signal to be radiated. = -1-1; A

e Audio signal frequencies are so low (wavelengths are so large) that
impracticably large antennas will be required for radiation. Here,
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shifting the spectrum to a higher frequency (a smaller wavelength)
by modulation solves the problem.

‘\'oo low ‘rh-b- e +oo \orjg erntenma size

(¢) Frequency-Division Multiplexing (FDM) and Frequency-Division
Multiple Access (FDMA):

e If several signals, each occupying the same frequency band, are
transmitted simultaneously over the same transmission medium,

L‘/\-) they will all interfere; it will be difficult to separate or retrieve

them at a receiver.

EbMmA e For example, if all radio stations decide to broadcast audio signals

r
te)

simultaneously, the receiver will not be able to separate them.

Q e One solution is to use modulation whereby each radio station is as-

signed a distinct carrier frequency. Each station transmits a modu-
lated signal, thus shifting the signal spectrum to its allocated band,
which is not occupied by any other station. A radio receiver can
pick up any station by tuning to the band of the desired station.

Definition 3.10. Communication that uses modulation to shift the fre-
quency spectrum of a signal is known as carrier communication. [2, p

151]

3.11. Asinusoidal carrier signal A cos(27 f.t+®) has three basic parameters:
amplitude, frequency, and phase. Varying these parameters in proportion
to the baseband signal results in amplitude modulation (AM), frequency
modulation (FM), and phase modulation (PM), respectively. Collectively,

these techniques are called continuous-wave modulation in [8, p 111].
cw
We will use @) to denote the baseband signal. We will assume that

m(t) is hand=limitedion; that is, |M(f)|=0 for |f|/>'Bi Note that we
usually call it the message or the modulating signal.

Definition 3.12. The process of recovering the signal from the modulated
signal (retranslating the spectrum to its original position) is referred to as
demodulation, or detection.
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4 Amplitude modulation: DSB-SC

Definition 4.1. Amplitude modulation is characterized by the fact that
the amplitude A of the carrier [Acos(27 f.t + ¢) is varied in proportion to
the baseband (message) signal mi(t).

e Because the amplitude is time-varying, we may write the modulated
carrier as

A(t) cos(2m fot + @)
e Because the amplitude is linearly related to the message signal, this
technique is also called linear modulation.
4.1 Double-sideband suppressed carrier (DSB-SC) modulation

4.2. Basic idea:

LPF !m(t)x\/§cos(2ﬂfct))><(\/5008(27#075)) —m(t). (24)
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= dm(f-2A) M)+ TM(mah)
Lp[-:{v(f:} = 0 + M(F) ~ o = M(F)

Alternatively, we can use the trig. identity from Example [2.3}
v (t) = V2 (t) cos (27 .t :\/§<
(1) = vz (¢) cos (2 £ o 2o a8

= 2m (t) cos® (2w fty =m (t) (cos (2 (2n f.t)) + 1) 1)
=m (t) +m (t) cos (27 (2f.) t)
—_—

elivminated l’)’ LPF

Trg- idantily

LPE et = m (k)

mvall %57 B
4.3. In the process of modulation, observe that we need fe > B in order to

avoid overlap of the spectra.  AM radie ;. £ = 10 :&- _:% = 200
B =5LlHe
4.4. Observe that the modulated signal spectrum centered at f., is com-

posed of two parts: a portion that lies above f., known as the upper side-
band (USB), and a portion that lies below f., known as the lower side-
band (LSB). Similarly, the spectrum centered at — f, has upper and lower
sidebands. Hence, this is a modulation scheme with double sidebands.

4.5. Observe that requires that we can generate cos (w.t) both at the
transmitter and receiver. This can be difficult in practice. Suppose that
the frequency at the receiver is off, say by Af, and that the phase is off

by 6. The effect of these frequency and phase offsets can be qyantified by
calculating J v

F\/\—-—\
LPF{( (t) V2 cos wet ) V2 cos ((we + Aw)t+9)} :
o @w)t"ﬁ
which gives el Srnaﬁ_’/—\/\/
( )COS((ACU)t+(9> Aw=0 =2 C.03(9)
Of course, we want Aw = 0 and 6 = 0; that is the receiver must generate

Tv; ths ot home.

a carrier in phase and frequency synchronism with the incoming carrier.
These demodulators are called synchronous or coherent (also homo-

dyne) demodulator [2, p 161]. Te do sync., phese lock loop con ke wed
CPLL)
4.6. Effect of time delay: Suppose the propagation time is 7, then we

have

y(t)=x(t—7)=+v2m(t—7)cos (2nf. (t — 7))

mik) VZ O3 (s7A %) = 2m (t —7)cos (2m ft =(2mfoT)
u = V2m (t — 7) cos (2m fot —(r )’ =
*lt) Yt = (- 7)
- 23
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Consequently,

v(t) =y (t) x V2 cos (27 fet)
2cosAcosB = V2m (t — 7) cos (2n fut — b;) X V2 cos (27 f.t)

- cos(A+8)
=m(t—r71)2cos(2nf.t — ¢,)cos (2w f.t).
PR (t = ) 2c0s (2n .t — ;) cos (2 o)
Applying the/product-to- su)formula we then have
[ (#2 ]
~ 3 v(t) =m(t—7)(cos (21 (2f.) t — ¢.) + cos (¢5)) .
L = w(t-2) cor(e7(2h)t - %.) rwm(t-T) cou(2;)
i = LPF {u—ah} = O + mlk-T)cos(Zy) = m(t-Trcos (4 )
: e
foor recertion @ 2 XA T = ZX* k7
AQ‘]‘M
c =Tk
4.2 Fourier Series N

' C
c:l;a+o|n¢¢ = " = Ay..,,i-k zz"
Let the (real or complex) signal r (¢) be a [pefFiodiel signal With period 1.

Suppose the following Dirichlet conditions are satisfied L =1
° T
T, °

(a) r(t) is absolutely integrable over its period; i.e., Of 7 (¢)|dt < oo. w, = 7L,

(b) The number of maxima and minima of r (¢) in each period is finite.

(¢) The number of discontinuities of r (¢) in each period is finite.

WnAt

n=—oo

Then r () can be expanded in terms of the comglex exponential mgnals

(ejnwot)oo as —9/' 1‘.T T fl TT Tl;,(‘ C-

o0
T (t) = Z cn€™ = ¢y + Z (ckejkwot + c_k.e_jk“’ot) (25)
=m0 [comfl'cx) k=1
where t exponent )
Fourier Sevie) 27-‘—

g,wflcn I\Ol'le = 27'('f0 _

@ O cL.'ar_ro\'c. 'Fu.esf.
k= Zj Lt) (26)
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for some arbitrary «. In which case,

if r (t) is continuous at ¢

L if r (t) is not continuous at ¢

We give some remarks here.

e The parameter « in the limits of the integration is arbitrary. It
can be chosen to simplify computation of the integral. Some references

simply write ¢ = %O f r (t) e 7"oldt to emphasize that we only need

Ty
to integrate over one period of the signal; the starting point is not

important.

e The coefficients ¢, = Tio [ r(t)e7"otdt are called the (k") Fourier
Ty
(series) coefficients of (the signal) r (t). These are, in general, com-

plex numbers.

o ¢y =7 [ (t)dt = average or DC value of r(t)

Ty
e The quantity fy = Tio is called the fundamental frequency of the
signal r (t). The nth multiple of the fundamental frequency (for positive
n’s) is called the nth harmonic.

o cre/tol ¢ e iRt = the k" harmonic component of r ().
k =1 = fundamental component of r (t).
4.7. Consider a restricted versionf#g(t) of [#(t) where we only consider r(t)

. . F
for one specific period. Supposé g (%) ﬁ? Ry, (f). Then,
1 A\

R, (K fo). \/\ ¢

Cr =
T() Lol

So, the Fourier coefficients are simply scaled samples of the Fourier trans-
form.

4.8. Parseval’s Identity: P, = %0 [lr)fdt= 3 |al
To k=—o00
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4.3 Fourier series expansion for [Fféalivaliued functiony

4.9. Suppose 7 (t) in the previous section is real-valued; that is r* = r.

Then, we have c_; = ¢ and we provide here three alternative ways to

represent the Fourier series expansion:
complex expo. ‘Fof""

7 (t) = Z Enel™ 0t = ¢ + Z (ckejk‘”ot + c_ke_jkw()t) (27)
e o T'r-'3 . Fou r.'e.lfzglaf; form .0 for even r(t)

=c+ Z (ay, cos (kwot)) — (28)

k—
io Com pav’f T":s' ovries Sariy, -in,
=co+2 Z |cx| cos (kwot + Zcy,) (29)
k=1
where the corresponding coefficients are obtained from
a+T,
Cp = 1 r(t) e Fotdt = ! (ar, — jbr) (30)
T 2
2
ap = 2Re{c1} = ?/r (t) cos (kwot) dt (31)
0 7
2
by = —2Im {¢} = T/r (t) sin (kwot) dt (32)
0 7
2|cr| = /ai + 02 (33)
b
Zcj, = — arctan (—k) (34)
ay
a
co = 50 (35)

The Parseval’s identity can then be expressed as
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4.10. To go from (27)) to (28) and (29), note that when we replace c_; by

ci., we have
Ckejkwot + C_ke—jkwot — Cke]kwot + Cze—jkwot

_ Ckejk‘wot + (Ckejkwot)*
= 2Re {ckejk“’ot} .
e Expression then follows directly from the phasor concept:

Re {cre!™'} = ey cos (kwot + Zey,) -

e To get (28], substitute ¢; by Re{c;} + j Im {cy}
and /¥t by cos (kwot) + 7 sin (kwot). 5:)7'/;1- F
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Example 4.11. Train of impulses: e ft )
Shaoh 'Fuv\c.’(‘lon &JW ’
= 1
(To) jkwot . —
LLlT(;t-) 5 (To) Z o (t— KTy = k_z_: el ot — T TOZCOS kwot  (36)
1) w'l._:ft- - - Uk"“"ot -Jhw.t)
) = 2 Crl T,
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1 le. A, | } i ,*T*’
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Figure 4: Train of impulses -
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Example 4.12. Square pulse periodic signal:

1 2 1 1 1
rcky =1 t>0]=-4+— t — = cos 3wpt + — cos dwot — = cos Twot + . ..
> [cos wot > 0] 2—|—7T (coswo 5 €08 3wy + o8 Swpl — = €08 Twy +

(37)
We note here that multiplication by this signal is a switching function.
Formula oo e = R F) 2 T sine (7AT)
=4 ke Ll =Te sia T
= £ Rr (6 | T o 2 soe (7£12)
1 T e (7K SRS S0 BI A T
- o fiac I A fd---'b T \ g t
.1- 2 ) \ ,f o , I! \L/
_ 4 sian (7 ks ) 2
ol Figure 5: Square pulse perlodlc signal
7k, wrht e Gwrbht = yrkAt
= rit) = Zc e.o = Z Cy©® +C, + zc,,c',
s:f‘\ L”k/z) " le= -1 k=1
7k 27 —

cC.=¢C Z ( LAY > kAt
e G = Co *7¢C [2¢032
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Example 4.13. Bipolar square pulse periodic signal:

4 1 1 1
—»  sgn(coswpt) = — <cos wot — 3 cos 3wyt + R cos dwot — - cos Twot + . . >
s

-V

T-1

Figure 6: Bipolar square pulse periodic signal

4.4 Producing the modulated signal

To produce the modulated signal m(t) cos(27 f.t), we may use the following
methods which generate the modulated signal along with other signals which

can be eliminated by a bandpass filter restricting frequency contents to

around w.,.

4.14. Multiplier Modulators: Here modulation is achieved directly by

multiplying m(t) by cos(27 f.t) using an analog multiplier whose output is
proportional to the product of two input signals.

e Such a multiplier may be obtained from a variable-gain amplifier in

which the gain parameter (such as the the § of a transistor) is con-
trolled by one of the signals, say, m(t). When the signal cos(27 f.t) is
applied at the input of this amplifier, the output is then proportional

to m(t) cos(2m f.t). Axp = e(guA + e )

Another way to multiply two signals is through logarithmic amplifiers.
Here, the basic components are a logarithmic and an antilogarithmic
amplifier with outputs proportional to the log and antilog of their in-
puts, respectively. Using two logarithmic amplifiers, we generate and
add the logarithms of the two signals to be multiplied. The sum is then
applied to an antilogarithmic amplifier to obtain the desired product.

e Difficult to maintain linearity in this kind of amplifier.
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e Expensive.

4.15. Square Modulator: When it is easier to build a squarer than a
multiplier, use

(m (t) 4 ccos (wet))® = m? (t) + 2em (t) cos (wet) + ¢ cos2 ( ot)

(
m* (t) %;JrQM(_:’OEwC + = +—cos(2wc)

5 .
1M (2] m-/ 2 (2740 ¢
7‘
-8l o

=27 (24)
A
E A
T 71\ /\
"2.7‘:. - / -8 I
witn b BFF | we hawe
?'-\E mt) cos(wet)d P~ Fh >
We want /2 m(l":c:.u(u‘.f) 2Cx3¢'4:ﬁ — 7 / of EfF‘/
T ) we 9eT
. 2 -
: 330‘”\_—1—;-‘7/;—- J2 mcos
e Alternative, can use (m(t) + ccos (%t)) .

4.16. Multiply m(t) by “any” periodic and even signal r(¢) whose period
isT, = i—” Because r(t) is an even function, we know that

Arother idea. for
wﬂAUI"vav
N r(t) = co+ Y arcos (kwet). me 'T_%’ e mif)cos (27K t)
i h
«ven Therefore,
\RcF))

Pcnlll(. wth r"’"’a _,'(s_

m(t)r (t) = com(t) + Z arm(t) cos (kwet). ven ©
2Tt ] +

See also [2, p 157]. In general, for this scheme to work, we need
e a; # 0; that is T, is the “least” period of r;
e w. > 47w B; that is f. > 2B (to prevent overlapping)
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Figure 7: Modulation of m(t) via even and periodic r(t)

Note that if r(¢) is not even, then by (29), the outputted modulated
signal is of the form a;m(t) cos(w.t + ¢1).

4.17. Switching modulator: set r(t) to be the square pulse train given

by :

r(t) = 1[coswyt > 0]
1

2 1 1 1
= 5 + - (coswot — gCOSBth + gcos5w0t — ?cos Twot + . . ) .
Multiplying this r(¢) to the signal m(t) is equivalent to switching m(t) on
and off periodically.

It is equivalent to periodically turning the switch on (letting m(t) pass
through) for half a period T, = fl

. mul+if‘u’(r~1‘l‘°n
S c.l'\ruhous
)M sw{hhfnj Glbmoa .

c.hvclbrc cJu’f:.r..'\’-'on e« need move o:;vmﬁ-n'uq
o"an’l" 1"""( Tx sf‘sﬁq,\.
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(1) cos w,t
Y ‘ ™
Bandpass

filter

Figure 8: Switching modulator for DSB-SC [2 Figure 4.4].

4.18. Switching Demodulator: (] ) LI |_
——

LPF{m/(t) cos(w.t) x 1[cos(w.t) > 0]} = %m(t) (38)

[2, p 162]. Note that this technique still requires the switching to be in sync
with the incoming cosine as in the basic DSB-SC.
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